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There are quite a few types of infinite dimensional Lie algebras which can be
studied in depth, including:

Witt algebra,
Kac-Moody algebras,
Automorphic Lie algebras,

v

v

v

v

Polynomial algebras,

v

Lie algebras of vector fields tangent to algebraic varieties.

All these infinite dimensional algebras have a faithful representation which
can be completely characterised by a finite set of structure elements because
they have a structure of a finitely generated module over a certain Noetherian
ring (such as a polynomial ring or a coordinate ring of an affine variety).

These algebras have very many applications and are interesting in their own
merit.



The space of symmetric squares of hyperelliptic curves: infnite-dimensional Lie algebras and

polynomial integrable dynamical systems on C*

Outline

» Universal space Sym?(V) of the symmetric square of hyperelliptic curves
and its coordinate ring.

» Vertical and projectable derivations (vector fields).

» The Newton derivations and Arnold’s problem of vector fields on
SymM(C).

» Lifting the Witt algebra of the Newton derivations to Sym?(V).

» Vertical derivations and extension of the Witt algebra.

» Two commutative vertical derivations and corresponding integrable
dynamical systems on C*.



Symmetric square of hyperelliptic curves

Let integer N > 3. A hyperelliptic curve Vx of degree N in C2 we represent as
Ve = {(X,Y) e C®|n(X,Y) =0}
where

(X, Y) = H(X XK)

and x = (x1,..., Xy) are complex parameters. If x; # x;, Vi # j then the curve
is non- smgular and of genus g = [¥].

In C*N = €2 x €% x CN with variables (X1, Y7), (X2, Y2), (%1, - .., Xn) we
consider the affine variety
W = {(X, Y1, Xo, Yo, X1, ..., xn) € C*N | 7(Xq, V4) = 0, n(X, Y2) = O}.
The group G = S, x Sy acts on W by the involution
(X1, Y1) «— (X2, Y2)
and permutations of variables x, ..., Xn.

The universal space Sym?(V) = W/G.



The coordinate ring of the symmetric square of hyperelliptic curves

The affine variety W corresponds to the ideal generated by
7T(X1 ) Y1 )7 7T(X27 Y2):

Jw = (m(X1, Y1), m(Xz, Y2)) C C[X1, Y1, Xz, Yo, X1, ..., Xn].
The coordinate ring of W is
Rw = C[Xq, Y1, Xo, Yo, X1, ..., Xn]/dw
The coordinate ring of Sym?(V) = W/G is ring of invariants

RY = (C[X1, Y1, Xo, Yo, Xi, .., xn]/dw)C =~ (C[X4, Yi, Xo, Yo, €1, ..., en]/Ja) %,

where ey, ..., ey are standard symmetric polynomials
=1, =X+ +Xy, 2= Y XXy ..., 6N =XiXe Xy
0<iy<ip<N
and the ideal

SN C CXq, Y1, Xo, Yo, €1, ..., €n]
is generated by (7 (X1, Y1), 7(Xz, Y2))

N
(X, Y) H(x x) =Y = (—1)ex" "
k=0



The coordinate ring of Sym?(C?) = (C2 x C?)/S..

Proposition
Let the group S, be generated by the involution (X1, Y1) <— (X2, Y2) then

(C[X17 Y‘I 3 XE: YZ]S2 ~ (C[Uz, U4, VN, VN2, V2N]/(V/%/+2 - U4V2N)
where

Up=Xi + Xo, Us=(Xi —X2)?, ww=VYi+ Yo,
iz = (X — Xe) (Vi — Ya),  ven = (Y1 — Y2)?

is a basis of the group invariants.

Corollary
A homogeneous polynomial map ¢ : C? x C? — C®

6(()(17 Y1)7 (X27 YE)) = (UQ, Us, VN, VNy2, V2N)7

enables us to identify the manifold Sym?(C?) = (C2 x C?)/S; with a
hypersurface in C® given by the equation usVoy — Vi = 0.



All our varieties can be made homogeneous if we assume the following
grading weights for the variables
IXil =2, |Yi| =N, [x| =2, |u| = |v| = k
If we introduce yox = e« then
|ys| = s.
We can represent Sym?(V) as affine variety in the space CV*° with
homogeneous G-invariant coordinates

Up, U4, VN, VN+2, VoNn, V2, Y4, ..., YoN.

Namely
Sym?(V) = V() c cV*2.
Where
IC (C[UQ, Us, VN, VNi2, Von, Vo, Va4, ..., y2N]

is the ideal defined in the following Proposition



Coordinate ring of the symmetric square of hyperelliptic curves

With W ¢ CN+4 we associate its coordinate ring
RW = C[X17X27 Y17 Y27X17" '7XN]/JW~
The coordinate ring of Sym?(V) is the G-invariant subring RS, C Ry .

Proposition
The ring Rﬁ, is isomorphic to the graded ring

R = Clug, s, VN, VN12s Van, Y1/ 1,
wherey = (yo, Y4, - - ., Yan) and the ideal | has Grébner basis

2
Ponya = VNip — UsVen,
N—1
Kk
Ponyo = VNVNG2 — Us (azlv—z +> (1) YZka2(N—k—1)>7
k=1
N— 1
Pon = V3 + Von — @y + Uoa (2a — Wa ) — (=12
2N N 2N 2N 282(N—1) ,Vzk D(N—kK) 2 (N—Kk—1) YoN,
k:1

N—1
Psn = VNVan — VN2 (32 N—1) + > (=¥ yaraan—k-— 1))
k=1

and the polynomials asix = aok (U2, Uy) Of weight |axx| = 2k are generated by

4 3
—_— u: Us U, ts
2 ) — Ul (8 + voug ) £+

> 1 1
= a (U2, ug)t" = 1+upt+— (Sug + u4) Pt =
prd 4 2



The universal space Sym? (V) of symmetric squares of hyperelliptic curves is a rational variety

® Thus Symz(v) = {(Ug, Us, VN, VN4-2, V2N7y) S (CN+5 “ = 0}
If we allow ourself to divide by us = (X; — X»)?2, than we can resolve the system of
equations Pony4 = Pony2 = Poy = Psy = 0 and explicitly express variables

i 1
Yon—2, Yon @nd voy as elements of the ring Clug, Us, VN, Y12, Yo, - - - Yen—allty, |-
. . . 1
Moreover if we introduce a new variable vy_» = vy42u, , then
YoN—2,Y2N, VN2, Van € Clug, Us, Vin_2, VN, Y2, - - - Yon—a4]-
It defines the polynomial map ¢: CN*2 — CN+5 defined by

@ (U, Us, VN—2, VN, Y2, - - - Yon—4) = (Uz, Us, VN, VN42, VN, Y)

2
VN42 = UsgVN_2, Von = UaVN_o,
N—2
N—1
Yon—1) = (=1) (VNVN 2—an-1)— »_ (=) Yokaon_k— 1))
k=2
(1) S

Yon = {VN+V2N_232N+U232}< 1) Z( 1) yor(2axn—k) — Uso(n—k—1)) |-

2

Thus, Sym?(V) is bi-rationally isomorphic to CN+2.

Theorem
The mapping ¢ is a bi-rational isomorphism

¢: CN'2\ {uy = 0} — Sym®(V) \ ({us = 0} N Sym?(V)).



Short summary:

Clxt,... . xns X1, Y1, Xa, Yol Clxt,... . xn X1, Y1, Xo, Yol /dw
U U
((C[X‘lv' S XN X17 Y17X27 YZ])SNXS2 (C[X17" <5 XN X17 Y17X27 YZ]/‘JW)SN><82

k I

(C[y27 ~oy YoN s Uo, Ug, VN, VN2, VZN]/(SyZ) (C[y27 <y Yon i Uz, U, VN, VNG 2, V2N]/I
1 {
Clyz, - -, Yan, Uz, U, VN—_2, VN] Clyz, .-, Yan—a, Uz, Us, VN_2, VN]

where syz = Vi, — UsVan = Panya, Jw = (7(Xy, V1), m(Xe, Y2)) and
I = (Pant4s Pang2, Pon, Pan)

Sym?(V) = {(y2, .- ., Yoni Uz, Us, VN, Vivi2, Von) € CVN8 | Pona = Ponyp = Poy = Pay = 0}.



Vertical and projectable derivations

Definition

» A derivation L of a quotientring R = Clay,...,an; by,--- ,bm]/J over
the ideal J is a derivation of the ring R = Clas,...,an; b1, - , bm] such
that L(J) C J.

» A derivation L is called vertical, ifL(a;)) e J, i=1,...,n.

» There is a canonical homomorphismj. : Clai, ..., an — R. A derivation
L of R is called projectable with the projection L, if there exists a
derivation L of the ring Clay, . . ., as] such that

LG(a)) = je(L(a@)), i=1,....n.
Thus vertical derivations are represented by the vector fields of the form
T
L:;B,-a—bi, B € R.
projectable derivations are of the form
. N
L:;A,a—ai +§B,-a—h, A €Clay,...,a)NR, B eR.

In both cases we assume that L(J) C J.



Arnold’s problem of vector fields tangent to a discriminant.

The problem of construction of vector fields in CV, x; + - - - + xy = 0 which
are tangent to the discriminant set

D={(x,....xw)eC"|a=0}, A=][x-x)?

i<j

have been solved by Arnold and his group in 1976-1980 (see V.Arnold
Singularities of Caustics and Wave Fronts 1996). D.Fuks proposed the
method to compute the vector fields using the convolution algebra. Then
V.Zakalyukin has shown that there exists a basis of vector fields such that the
derivations Lj . .., Ly_, acting on the standard symmetric polynomials results
in a symmetric matrix

Li—2(em) = Lm_2(ex)-

Here we will give a new and short method to solve this problem, as well as
we prove Eilbeck’s conjecture that

Li(A) = (N—K)(N —k —1)exA



The Newton derivations of Ry = C[xq, ..., xy]5V

Problem (Arnold): Find derivations L;‘ of the polynomial ring C[xq, . .., xj] such that
Lﬁ (Clxq, ... ,xN]S’V — (C[x1,...,xN]sN
Lg: (8) = (D),
LR p(em) = L _o(ex),
LR a4+ xn) = (g + -+ xn)-
Kk k k sk K sk k sk %k sk k sk %k k sk %k sk k sk %k %k ok sk ok ok ok sk ok ok ok sk ok ok ok k ok k kK ok

Newton polynomials:
pc=>_xf, k=012, ..

Po=N,pr=e=xi+ +xn Po=x2+ - +x5,...
The set py, ..., py form a basis in the ring of Sy invariants:
Rn = C[X17"'7XN]SN =~ C[e17'~~7eN] = C[p17"'7pN]7
PNtk = PNik(P1s- - PN),  k=1,2,...
Generating function for Newton’s polynomials
N

> 1
V0= Smt =3
k=0

i=1




The Newton derivations of Ry = C[xq, ..., xy]5V

Definition
The derivations of the ring C[xy, ..., xn] of the form

N
Lo =" x""0y, g=-1,0,1,...,

i=1
are called the Newton derivations

Proposition
Newton derivations of C[x1, . .., Xn]
» map symmetric polynomials into symmetric

LY Clx, .., xn]™ = Clxt, ..., xn]%N,  LY(pn) = NPk,
» give a faithful representation of the Witt algebra
(Lo, L2l = (1 — M) Lo,
» map the discriminant ideal into itself

L5(A) =100, A8 eClxi,.... ],



Derivations of Ry = C[xy,...,xy]V

Corollary
Forallk,ge Nandn=1,..., the polynomials px, k = 0,1,..., are related
by

o ) OP(k+n)
; <p(k+m ;+ — P(g+m) 8p+ )—(q K)Pk1q+n)-

Only the first N derivations L2, k = —1,0,1,..., N — 2 are linearly
independent over Ry:

N
0 2 : 0
L,—, = Wn,SL5727 Wn,s 6 RN.

They are generators of a free left Ry—module.



Generating derivations

It is convenient to introduce the generating derivation

oo N
1 1o}
Lo(t) = Ly, = —_—
(=2 Lt =2 5o

Then it is easy to verify that
N

1
POED) = =rEO X T

where E(7) = S8 (=) ex = [I¥,(1 — xi7). Thus

N
1
E(t)L° - - -
tE(t)LO(t)(E(T)) tTE(t)E(T)iz:; T x0d %)
and therefore the derivations £ generating by the derivation
N

LAty = tE()LO(t) = (—1) Lk_ot"
k=1

yield a symmetric matrix L{_,(en) = L4 _,(ex).
Derivations Zﬁ, k=-1,0,1,..., N — 2 have properties:
I, Ry Ry Lo (8)— () Lis(em) =LA o(ex).



Generating derivation for Arnold’s vector fields and Eibeck’s conjecture

The missing property (if we wish fit exactly Arnold’s derivation) is that

L o0+ +xn) & (1 + -+ Xn).
It can be easily corrected: the generating derivation

N
LA() = TAM) + N7 (B0, =D (=)L,

m=2
generates Arnold’s derivations.

Conjecture (Eilbeck)
The discriminant polynomial A = [T, j(x,- — xj)2 is an eigenvector of Arnold’s

derivations
LAA=~A,  k=0,1,...,N-2
where
YA=(N—K)(N-k—-1)ex, k=0,1,2,...N—2.
Proof:
N
DN LA = LAMA = A(1)A,
m=2
where

Z

FA(t) = B(PEx(t)—2t(N—1)Er(£)+N(N—1)E(t)) = Z 1)K H(N=K)(N—k—1)ex.
k=0



Projectable tangent vector fields on Sym?())

Newton derivations
N

o© 2 0 N 10
= tkLO = a0 Lo :2 X'q+ ay ! :_17071""’
k§:o 2k—2 E : 1 - tx; 9x; 2q ; o ox; 9

i=1

do not represent tangent vector fields to Sym?(V)
L3,(dw) € Jw-
They can be “corrected”:

Proposition

There is a unique lift of the Newton derivations Eg . sach that the vector fields
Lok, k=-1,0,1,... are

tangent to Sym™ (V) : Lok(Jw) C Jw,
represent the Witt algebra:  [Lak, Lon] = 2(n — K)Lo(n—k)-

The derivations Loy are generated by
N m
2 9 2 o tYsN(t) 0 )
Ztﬁ?”’z1 thx,+§(1—tX58_Xs+1—tha_Ys

where N (t) is the generating function of the Newton polynomials

N(r)zz !

1 1—TX,"




Commuting vector fields of symmetric square of a curve.

Lemma
Let F(X,Y) be a twice differentiable function. Let Dy be defined as

Dy = 0y, (F(Xk, Yk))Ox, — Ox(F(Xk, Y))Ov,, k=1,2.

and

£ = Dy — D> 2 _ XeDi —X1Dz'
Xi—Xo' Xi—Xo
Then the vector fields £*', £*?
» commute [L*', £L*?] =0,
» map symmetric (X1, Y1) <> (Xz, Y2) functions into symmetric,
and functions F(Xx, Y«), k = 1,2 are in their kernel space
(£'(F(X;, ) = 0).

Lemma

Let all roots of the polynomial P(X) be distinct and J, = (Y? — P(X)) be the
ideal in C[X, Y]. Then any derivation D of the quotient ring C[X, Y]/J~ can
be represented in the form D = aD*, where a € C[X, Y]/J and

D* = 2Y0x + ax(P(X))ay



Commuting vector fields on Sym?(V).

Taking F(X;, Y;) = m; we obtain two commuting vector fields on Sym?(V) (and
derivations on the corresponding coordinate rings).

What is surprising is that £,_, = £*', L}_, = £*? are polynomial
derivations in variables u», us, Vn_2, Vn.

Example: For example in the case N = 5 we get

L} = 4UsOy, + (5U5 + Us + 24)Du, + 8UsDy, + (5U3 + 5UaUs + 6UsYs — 4Y6)us
L= 4(Us — UaUs)Du, — 4(U5 — Upls — Una + Y6)u, + 8(Usls — UplUs)Dy, +
(U2 — 5uj + 4UzUs — BUS Y + 2Usys + 4UnYs)Dus

Proposition

Derivations Lo, L2, L4, Ls and L7, L3 form a polynomial Lie algebra, which is
isomorphic to the polynomial Lie algebra of vector fields on the Jacobian of
genus 2.

Now it is not surprising that u, provides algebra-geometric solution to the
KdV equation. Denoting u := 8u, (£1)*(u) = 8u, L3 (u) = dru we get

8Ut = Uxxx — 6UUX,
128y4Ux + Usiox — 10UUxxx — 20UxUxx 4+ 30U2Uy = 0.



Polynomial integrable dynamical systems in C*

Commuting vector fields < compatible dynamical systems.
N = 3 — Elliptic case:
Y2 = X% 4 X + e
Let £*f = f and £if = f.
We get two dynamical systems:

Up = 2vy; uy = 4vs; vi=1; Vs = 3Up;

: ; ; 2

Up = UpVy — V3; Us = —2(Usv1 — U V3); Uy = —up + vyi;
Ua = §(3U§ — Uy — 2V V3).

They commute and have two common first integrals:

1
A= ViV3 — Z(3U§ + Us);

2 3 2
Ao = — (Vs —2UpVi V3 + U — Uols + UsVY).

N =



Polynomial integrable dynamical systems in C*

In the original coordinates (Xi, Y1, Xz, Y2) we get rational dynamical systems

—()
fo =20 e R e

which can be integrated in the elliptic functions:
Xi=pz+2); Vi=¢(@2+2) e=p2+2) Yo=¢(2+2),
where 2? and z? are arbitrary constants.

The cases N = 5,6 we have Sym?(V) ~ Jac()V) and the corresponding
dynamical systems can be integrated in the Abelian functions of genus 2.
The case N = 5 corresponds to Dubrovin’s system on the Jacobian for g = 2.



Polynomial integrable dynamical system in C* for N = 7.

The first nontrivial case is N = 7 (g = 3). The polynomial dynamical system
in C* corresponding to the curve

Vi={(X,Y)eC?: Y2 =X+ yuX°+ ... — y1a},
are of the form:
Liuz = s, Lzus = vy,
L3Vs = 3U5 + 3503 + 42u5Us + 2ya(Us + 5U5) — 4Ysls + Vs,
L3vr = 14303 + 3uptl + 10U3Us) 4 20y, (UpUs + U3)—
— 4ye(us + 3U5) + BYsUs — 210.

* 1 *
£5U2:U2V5—§V7, LeUs = UpVy — 2Us Vs,
Livs = V& + 14U5 — 18UU2 — 28U3 Uy — 8yslUslis + 2Ys(U3 + Us)—
— 2ygU2 + Y10,

Live = 3505 — 63U5U2 + 35UsUs — 7U3 + 5ya(3Us — 203Uy — UF)—

— 8ys(U3 — UaUs) + 3ys(U2 — Us) — Y12



These two compatible systems possess two common first integrals:

Vie = VsV — (7US + 35Ub Uy + U§ + 21U505)—
— ya(5Us + U3 + 1003 Us) + 4ys(U3 + Ualy)—
— Y8(3U5 + Us) + 2y10Uz,

1
Yia = —Zv72 — UgVE + U] + 2103 Uy + 35U3U5 + TupUg+

+ Va(u3 + 1003 Us + 5U205) — yo(Us + Uf + 6U5Us)+
+ Ys(U3 + 3usus) — y1o(U5 + Us) + Yizlo.
These systems can be integrated in meromorphic functions on o—divisor of
the hyperelliptic curve of genus g = 3 [recent paper by Victor Buchstaber and

Takanori Ayano]. They cannot be integrated in the Abelian 2g = 6 periodical
functions! A new class of functions is required.



Lie algebras of derivations of Abelian functions originally had been
constructed using the theory of multi-dimensional o functions (Buchstaber,
Leykin). It was based on the analytic theory of hyperelliptic Jacobians and 6
functions (Dubrovin, Novikov). They did not use the algebraic geometry of the
symmetric powers of hyperelliptic curves.

We have shown that using the algebraic geometry of the symmetric powers of
hyperelliptic curves one can obtain differential equations integrable in terms
of Abelian functions and functions meromorphic on the o—divisor without
using the properties of these functions for the construction of the equations.

We have drastically simplified and developed further Arnold’s theory of vector
fields tangent to the singularities (the discriminant) in his approach to the
problem of wave fronts and caustics. We have proved Eilbeck’s Conjecture
concerning the eigenvalues of Arnold’s vector fields on the discriminant.

We have constructed graded Lie algebras of vector fields, such that
projectable vector fields are tangent to the discriminant of the curve which is
a sub—manifold in the space of the curve parameters, while the vertical vector
fields are tangent to the curves with fixed parameters. We have effectively
solved a nontrivial problem of lifting of projectable vector fields from the
parameters space to the whole variety of the symmetric power of the curves
(explicit and pure algebraic construction of the Gauss-Manin connection).



