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Virasoro algebra, Verma modules

The Virasoro algebra Vir is an infinite-dimensional Lie algebra,
defined by its basis {C, L;, i € Z} and commutation relations:

.3 _ .
[Li L] = (i — ))Liej + %5_,,{, [L;, C] =0, Vi € Z.

A module V(h, c) over Vir is called a Verma module, if

1) it is free over the universal enveloping algebra U(Vir~) of the
subalgebra Vir—=(L;, i<0), and

2) it is generated by some vector v (vacuum vector) such that

Cv=cv, Logv=hv, Liv=0,i>0,

where ¢, h € C.
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Positive grading of a Verma module

As a vector space V/(h, c) can be defined by its infinite basis

v, L_,'l...L v, 112122215,521

The module V/(h, c) is positively graded:
V(h,c) = @5 Valh, c),
Vn(h, C) = ([_,,'1 ... L,,'SV7 n+.. .+i5:n>.

Vi(h, c) is the eigen-subspace of the operator Ly, with the
eigen-value (h+n):

Lo(L_,'1 . . L_,'SV) = (h +ih+-+ is)L—il . .. L_,'SV.
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Singular vectors and reducibility of Verma modules

A nontrivial vector w € V/(h, c) is called singular, if
Liw=0,Yi>0.
Lsw = LhLiw — LiLlow, Law =2L3L3w — 2L1L3w, ...
Hence a vector w € V/(h, c) is singular iff
Liw = Lyw = 0.

A homogeneous singular vector w, € V,(h, c) generates in
V(h, c) a submodule that is isomorphic to Verma module
V(h+ n,c).

Moreover the module V/(h, c) is reducible if and only if it
contains a singular vector not in Cv:
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General problems

The two principle problems in the Virasoro representation
theory are:

e For which parameters h, ¢ the module V(h, ¢) is reducible?

e What are the singular vectors in a reducible V/(h, c)?
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Level n = 1.

One-dimensional Vi (h, c)=(L_1v)
There is a singular vector wy € V4 (h, ¢) if and only if h=0:

L1L_1V = 2LOV = 2hV, L2L_]_V =0.
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Level n = 2.

Two-dimensional Va(h,c) = (L% v, L _5v).

Elementary calculations:

a) L1L_2V = 3L_1 v,

b) L1L2_1V =2logl_qv+L_1L1L_1v = 2(h+1)L,1V+2hL,1 V;

2
L1W2 =0 w = L2_1V—§(2h+1)L_2V,

¢) Lol _pv = (4Lo+ 252 C)v = (4h+5) v;
d) L2L31V = 3LlL—l V+L_1L2L_1V — 6hv.

>
Lowz =0 & 6h— =(2h+1) (4h+3) =o.
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Level n = 2.

The solutions (c, h) of the quadratic equation
2 c
6h— £(2h+1) (4h+ ) =0

can be parametrized:

301
c(t)=13+6t+6t7", h(t)=—7t— 5, 0£teC.

And we have a very simple formula for the singular vector wy:

2
wy = L2_1v—§(2h+1)L_2v =1%,v+tl v
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Levels n = 3,4

V3(h, C) = (Lil v, L,2L,1 v, L,3V>.
A singular vector ws exists iff for some 0#t € C the parameters

are
c(t) =13 +6t +6t7 1 h(t)=—2t—1,

and the singular vector ws is unique up to some scalar constant:
w3 = L3_1V + 4t'L,2L,1V =+ (4t2 -+ 2t)L,3 V.
The next level n = 4 is much more complicated:

Va(h,c) = (L* v, L ol? v, L 3L yv, 12 ,v, L 4v).

Dmitry Millionshchikov
Explicit formula for Virasoro singular vector



It follows from the Kac theorem and from the results by Feigin
and Fuchs that there is a singular vector w, in V,(h, ¢) iff there
exist p, g € N and t # 0 such that

pq = n,
c=c(t)=13+6t+6t71

_ _1-p? l1-pg | 1-¢*,-1
i = g elil)) = =50 4 2 4 i

For fixed p,q € N and a fixed t € C the Verma module
V(hpq(t), c(t)) containes a singular vector wp 4(t) of degree pq,

Wpq(t) = Spq(t)v = Z P,ii,b"’is(t)L—;l N BAS
i+--+is=pq

The coefficients Pj5*(t) depend polynomially on t and t~1.
We assume Pp'(t) = 1. It is obvious that Sp.q(t) = Sqp(t71).
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Benoist's and St-Aubin’s formula

In 1988 Benoist and St-Aubin found a beatifull explicit
expression for the series 1 p(t):

(p—1)P>P
517p(t): Z — ; - ; - L,,'1 ... L,,'s,
AT | - (VA (0 A A)

First examples: Sy 1(t)=L_1, S12(t)=L%;+t 1L 5 and
S13(t)=L3 42t Y (LogL o+ L oL _1)+4t72L 3,

S1a(t)=L* +t7YBL2 L o+4L 1L oL 1+3L L2 )+
+t72(12L_1L_3+9L2 4120 3L _1)+36t3L_4.
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The key idea by Benoist and St-Aubin was a proposal to seek
the operator Sy p(t) in the form of linear combination of all
homogeneous monomials L_;L_j,...L_;,ihi+i+...+is=pin
U(Vir~) and not only of basic ones with iy > i > --- > is > 1.
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Later Bauer, Di Francesco, Itzykson and Zuber published an
elegant proof of singularity of vectors S p(t)v.Moreover, using
Benoit-St-Aubin formula as an initial step, they proposed an
algorithm for finding all singular vectors. But in practice, this
algorithm meets with serious computational difficulties and it is
still unclear how to get with its help an explicit formula for all
Sp,q(t). However, the expressions for Sy »(t) and S, 3(t) found
by means of it allowed us to guess the general formula for
singular vectors of the entire series Sy 5(t). The singularity of
these vectors can be established by modifying the scheme of the
proof Bauer-Di Francesco-Itzykson-Zuber for the series Sy p(t)
in a special way.
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First examples for S, ,

Soa(t) = L21+tl_o,

Soo(t) = L4 +4tl L oL 1+ 8=50(12 1 o4 512 )+
+(1+t)g4t—1) L_1L_3—|—(1_t)£4t+1) L 3l 1+
_$2)2 _ 42
+i=gry2 1 3020),
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Main theorem, M. 2016

Let V(hpp(t),c(t)),t € C,t # 0 be a Verma module over Vir
with c(t)=13+6t+6t1, hy,(t)=—%(p—14t)(t 71 (p+1)+3),
Consider

Sop(t)= > (2p—1)12(2t)°= 2Py p(tsity - oyis)Ljy .. Ly,
n+...+is=2p .

2p—1 s m—1
II (p—t—=r) [1 <(2t—1)(im—1)—|—2p—1—2 > i,,>

ot i

2p—1 Z I I /
T eo-1-20 T (X o= X inlo—t- X i)

n=1
The vector S p(t)v is singular in V/(ho p(t), c(t)).

)
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Sa(t) = Loy +U5E (L8 Lot Lol )+ 50013 Lol 1t
480t >L,1L,2L_1)+9tL_1L,2L2 1+(49f Pp o121 5t
R O (P B I Loy B B OB R
+80=EIE) () (1 pl Lot lopl gl sl q)+ (*fﬂiﬁ
e t2)(1— t42)(9 16t2)L2_ 6(14t)(4t— 1)L2_1L73L71Jr
6(17t)(4t49f) Ll L2 1+2(1+t)(t2+2t)(374t) 13, Lt
2(1—t)(23;2t)(€’>+4t) L sl3 4 16(1—t2)(1—;.;i(2+t)(3—4t)L1L2L3_|_
16(1—t2)(1—9tt)3(2—t)(3+4t) L_3L_2L_1+2(4_t )(2+;1g1+t)(3—4t)L_2L_1L_3+
+2(47t2)(27t)g17t)(3+4t) L sl 4L o+
_|_2(4—t2)(1t—t)(4t+1)L L sl +2(4—t2)(1t+t)(4t—1)L L sl 1+
+ (1+t)(2t+t)(3t 1)L2 L +48(1t t )L Logl i+ 6(1— t)(2 t)(3t+1)L L2
L (= t2)(2+t1(1+t)(3t Dy L Jr(4 £2)(2— tl(l t)(3t+1)L ot
4(1 t2)(2+t)(8t g s+ (1 t2)(2 t)(8t+1)L sl 1+ 20(1— t2)(4 t2)

—
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Proof

Let’s define the chain of vectors v(9, v . v(2P) ysing the
following recurrence relation:

k . .
vO=v, v =S @t) Ha; L vk k=1,...,2p,
j=1
ar, = 2k—2p—1,
k=1
ajk = ((-1)(2t-1)+2k=2p—1) [[ 1@2p—1)(I-p—t), 2< < k.
I=k—j+1

Here are the first three vectors of our chain:

vO=y, v(D=(1-2p)L_1v(O),
v® = (3-2p)L_1v(Y) + (2t) 7 (2t+2-2p) (2p—1)(1—p—t)L_ov(O).
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Lemma (A)

The operator L, acts on the vectors v(K) as follows:
LivK) = —(p+2—k+3t)k(2p—k)(k—p—t)(2t) 2D k=1,...,2p

In particular L;v(?P) = 0.

We prove the lemma by induction on k.
First step k=1. We recall that 4h=—(p—1+t)(t~! (p+1)+3) in
our Verma module
L1 ((1-2p)L_1v®)) = (1-2p)2hv() =
= —(p+1+3t)(2p—1)(1—p—t)(2t)1v(O.
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Lemma (B)

The operator Ly acts on vectors vK) k=1, ...,2p, as follows

k
Lov(®) = —(p+d—k+5t)(2t) 2 H (12p=1)(1—p—t)) v(k=2),
I=k—1

In particular the operator Ly annihilates vectors v(t) and v(2P).

First step of the proof:
LovD) = (1—-2p)LoL _1vO=(1—2p)(3L1vO+L_;L,v(0)=0.

Dmitry Millionshchikov
Explicit formula for Virasoro singular vector



Now we are going to consider Verma modules over the Virasoro
algebra with ¢ = 0 (Verma modules over the Witt algebra W).

Theorem (Kac, Feigin and Fuchs)

There is a singular vector w,, in the homogeneous subspace

V»(0,0) of the Verma module V/(0,0) then and only then when n

o 2
is equal to some pentagonal number n = ey (k) = %

It follows that if a Verma module V/(h,0) (c=0) has a singular
vector wpq(t) it implies that t=—3 or t=—%. We will fix the
value t = —% and we will write S, 4 instead of S, 4 (—%)

Let us denote by V (31‘2%) a submodule in V(0,0) generated

by a singular vector with the grading 3"2% The submodule
%4 (%) is isomorphic to the Verma module V (3k22ik,0>.
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Lemma (Rocha-Carridi-Wallach, Feigin-Fuchs)

The system of submodules V (3"2%) has the following important
properties:
1) the sum V(1) + V/(2) is the subspace of codimension one in
V(0),

3k2—k 3k2+k\ _
2) v (k) nv (35 =

Vv (w) Ry (W) k>1.
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The vectors L_;v and (Lz_1 - %L_z) v are singular in the
module V/(0,0) with the gradings 1 and 2 respectively.

Consider a submodule V(1) generated by wi=L_jv. It is
isomorphic to the Verma module V/(1,0) and it containes a
singular vector Sy awy.

A Verma module V(2,0) = V/(2) (generated by the vector
wy=>51 ov) containes a singular vector Sz 1ws.
Vectors Sy 4wy and S31ws are both singular and they are at the
level n=5 in the Verma module V/(0,0). Hence they coincide

ws = S14w; = S31Wo.

Similarly, one can check the other equality

w7 = S3owi = S 5ws.
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V(1) + V(2) has codimension one in V(0,0): v ¢ V(1) + V(2).

We see that singular vectors ws, wy € V(1) N V(2) as well as the
sum V/(5) + V(7) of submodules generated by ws and wy

respectively:
V(5)+ V(7) Cc V(1) N V(2).

The intersection V/(5) N V/(7) containes two singular vectors
wip = S17ws = S5 1wy,  wis = Ssows = Spgwy.

The inclusions of submodules V <3k2%k> provides us with an
exact sequence (Rocha-Carridi-Wallach, Feigin-Fuchs):
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%V(3(k+1)22—(k+1))@V(3(k+1)22+(k+1)) Ok+1 V(3k22_k)@V(3k22+k)%..

=B, VeV —25 V)aV(2) —2 V(0) —— C—0

()

where J) are defined with the aid of operators S, 4 € U(W™):
X S13k41 S2k41,2 > < X )
5 — ’ ’ , k > 1'
ki ( y ) ( —Sout1,1  —S13k42 y -

(5) 055

and ¢ is a projection to the one-dimensional C-submodule
generated by the vector v.
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Theorem (Rocha-Carridi-Wallach, Feigin-Fuchs)

The exact sequence (2) considered as a sequence of W™ -modules
is a free resolution of the one-dimensional trivial W~ -module C.

Corollary (Feigin-Fuchs)

Let V be a W~ -module. Then the cohomology H*(W~, V) is
isomorphic the cohomology of the following complex:

dk11 dk—1 d

VeV <% v,
(4)

VeV <% vev

with the differentials
dk< my > _ < S13k+1  —S2k41,1 > < my )7 k> 1.
mo Sokt12  —S13k+2 my

ao(m) = 1

51,2m
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), m,my,my € V.



